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Open inflationary universes in a brane world cosmology
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In this paper, we study a type of one-field model for open inflationary universe models in the context of
brane world models. In the scenario of a one-bubble universe model, we determine and characterize the
existence of the Coleman—De Lucia instanton, together with the period of inflation after tunneling has oc-
curred. Our results are compared to those found in the Einstein theory of relativistic models.
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[. INTRODUCTION the characteristic of an open inflationary universe model that
is produced after tunneling has occurred. In Sec. IV we de-
Recent observations from the WMAIP] are entirely con-  termine the corresponding density perturbations for our mod-
sistent with a universe having a total energy density that i€ls. In any case, our results are compared to those analogous
very close to its critical value, where the total density param-esults obtained by using Einstein’s theory of gravity. Finally,
eter has the valu@ = 1.02+0.04. Most people interpret this We conclude in Sec. V.
value as corresponding to a flat universe. But according to
this result, we might take the alternative point of view of Il. EUCLIDEAN COSMOLOGICAL EQUATIONS
having a marginally open or closed universe mof2], IN RANDALL-SUNDRUM TYPE-Il SCENARIO
which early presents an inflationary period of expansion.
This approach has already been considered in the literature
([3,4] or [5,6]) in the context of the Einstein theory of rela-
tivity or a Jordan-Brans-DickéJBD) type of gravitation SzMgf d®x\/— G( (S)R—2A5)—f d**x\V=9Lmatter
theory, respectively. All these models have been worked out )
in a four-dimensional spacetime. At this point, we should
mention that Ratra and Peebles were the first to elaborate qghere
the open inflation moddl7].
The idea of considering an extra dimension has received 1
great attention in the last few years, since it is believed that Lmatted §) = 59,9+ V()
these models shed light on the solution to fundamental prob-
lems when the universe is traced back to a very early timedescribes the matter confined in the braf®R is the Ricci
Specifically, the possibility of creating an open or closedscalar curvature of the metriG,,, of the five-dimensional
universe from the context of a brane wo(BW) scenarid 8] bulk, and M5 and A5 denote the five-dimensional Planck
has quite recently been considered. mass and cosmological constant, respectively. The following
BW cosmology offered a novel approach to our under-relations are found to be valid in this case:
standing of the evolution of the universe. The most spectacu-

We start with the action given by

lar consequence of this scenario is the modification of the A am

Friedmann equation, in a particular case when a five- Afw 5T WU )
dimensional model is considered and where the matter de- 5 5

scribed through a scalar field is confined to a four-

dimensional brane, while gravity can be propagated in the

bulk. These kinds of models can be obtained from a higher 3 [ M2

superstring theory9]. For a comprehensible review of BW My=\/-— -2 Mg, 3)
cosmology, sed10], for example. Specifically, the conse- 47\ o

guences of a chaotic inflationary universe scenario in a BW ) )
model was describeld 1], where it was found that the slow- where A , represents the effective cosmologlgal constant on
roll approximation is enhanced by the modification of the'© brane andr corresponds to the brane tension.
Friedmann equation. The purpose of the present paper is to FOr this theory, Shiromizet al.[12] have shown that the
study an open inflation universe model, where the scalar fielfPUr-dimensional Einstein equations induced on the brane
is confined to the four-dimensional brane. can be written as

The plan of the paper is as follows: In Sec. Il we specify
the effective four-dimensional cosmological equations from
a five-AdS BW model. We write down the field equations in
a Euclidean spacetime, and we solve them numerically. Here,
the existence of the Coleman—De Lu¢@DL) instanton for  whereT#” is the energy-momentum tensor of the matter in

two different models is described. In Sec. Il we determinethe brane,S,, is the local correction to standard Einstein

G,uV: - A4g,uv+

8 8
M—i T+ M_é Suv=Euvs (4)
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equations due to the extrinsic curvature, @ is the non- From Egs.(11) and(12) we obtain
local effect corrections from a free gravitational field, which
arises from the projection of the bulk Weyl tensor. These a”
quantities are given by —=———|¢'*+V(e)
a 3My
1, 1 1
Sur=1oP Ut (P 2PN (Gt u) ) + 5[5 2+ 2V(P)][ - ¢’ 2+ 2V<¢>]). (13

wherep andp represent the energy density and pressure of a ) ) i
fluid, respectively, and We consider the effective scalar potentgle) to be of a

form analogous to that described in RES]:

A

—u,u,+m
a4,u.1/ Mmv

5:

%

Mi)z

8w

, (6) )\ngl)”(1+ aztanf{vn—tﬁ)) (14

V(¢)=
. . S . 2 B+ (p—vp)?
whereA is a constant and,,, is the anisotropic stress. Since

we are considering an Ad®ulk and a Friedman-Robertson- whereq, g, andv,, are arbitrary constants. We will take the
Walker (FRW) brane, we should have,,,=0. On the other  particular valuesn=2 andn=4 from this potential. The
hand, an extended version of Birkhoff's theorem tells us thakecond term controls the bubble nucleation. Its role is to

if the bulk spacetime is AdS, thef},,=0 [10,13. Finally,  create an appropriate shape in the inflaton potentiap)

we can putA,=0, when a fine-tuning is made ovars. with a maximum value neap=uv,,. The first term controls
In order to write down the field equations, recall that, duejnfiation after quantum tunneling has occurred, and its shape
to Bianchi identity—i.e..V#G,,,=0—we have coincides with that used in the simplest chaotic inflationary
universe modelm?¢?/2. Following Ref.[6] we take a?
8_77 © 8_77 4o _vpe — =0.1 and?=0.01. Certainly, this is not the only choice,
VAT, 4| =2 | VAS,,~VEE,,=0. (7).
Mﬁ Mé since other values for these parameters can also lead to a

successful open inflationary scenawith any value of(},
The first term is automatically satisfied and thus the follow-in the range &< <1).
ing constraint is thus obtained: We have numerically solved the field equatidi4) and
(13) for the valuesn=2 andn=4 in the effective potential
)V“S ® (14). However, the instanton has the topology of a four-
m sphere, and there are two places at which0. These are
the points at whichr=0 and 7= 7. Then, the boundary
Now, since in our case we haw,,=0, Eq.(8) becomes conditions on¢ arise from the requirement thatga/a be
[11] finite—i.e., ¢(0)= ¢(7ma) =0. From Eq.(12), we obtain
VA4S =0 (9) that, at the zeros of the scalar factar +1. Since we have
wv . . . . . .
used units where the Planck mass in four dimensions is equal
The O(4) invariant Euclidean spacetime metric is written to 1, then the Planck mass in five dimensions becomMes
as le*iO [11] and by means of Eq(3) we arrive ato
=10
ds?=d7?+a(7)2(dy?+sirfydQ3). (10 On the other hand, we take the value of the constgnn
] ) such a way that an appropriated amplitude for density per-
The scalar field equation becomes turbation is obtained. Thus, we take the values=1.5
o X 10" % and A\,=10 % We choosev,=3.5 andv,=4.8,
¢"+3—¢'—V 4($)=0, (11)  since they provide the needed 60 e-folds of inflation after
a tunneling has occurred.

. . _ At 7=0, the scalar fieldp= ¢+ lies in the true vacuum,
v_vhereg(r) is the scale factor, Fhe prime represents a denvaf1ear the maximum of the potential, whiéin Euclidean sig-
tive with respect to the Euclidean timer)( andV 4(¢)  nature corresponds to- V(). At 7#0, the same field is
=dvide. ) . , ) found close to the false vacuum, but now with a different

When t.he metru{lO) is introduced into Eq(4), we obtain value, = ¢ . Specifically, fom=2 andn=4 and when the
the following field equations for scalar factor: scalar field ¢ evolves from some initial value—i.e g
= ¢;~3.52 to the final valueb;= ¢;—numerically we have
(12) found that the CDL instanton does exist and the brane world
open inflationary universe scenario can be realized. Table |
summarizes our results, which are compared with those cor-
wherepg corresponds to Euclidean energy density associatetbsponding to Einstein’s theory of relativity.
with the scalar fieldpg=—3%¢’ 2+ V(). From now on we Note that the interval of tunneling, specified by de-
will use units whereM,=G, ?=1 andk=87/M2=87. creases when the=4, but its shapes remain practically

8
V“EM,,=(—2
5

21 8w

2 SMipE
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a
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1+%

a
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TABLE I. This table shows the values @f- and ¢+ for which 3

- - 2 (12 a’(l ., ’
the CDL instanton exists. S=27°| d7|a Ed)’ +V(¢) |+ 25 qu’ +V(o)
Models be bt 3
+ —(a’a"+aa’'?>—a)|. 15
n=2 GR? 3.52 3.31 K( ) (15
n=2 BW 3.52 3.32
n=4 GR 4.85 4.60 We should note that this action is not obtained from €.
n=4 BW 4.88 4.60 At the moment, as far we know nobody has performed this

task. Integrating by parts and using the Euclidean equations
of motion, we find that the action may be written as

similar. The evolution of the inflaton field as a function of the

Euclidean time is shown in Fig. 1.

In Fig. 2 we showV"|/H? as a function of the Euclidean S=4772J dr
time 7 for our model. From this plot we observe that, most of
the time during the tunneling, we obtajk”|>H?2, analo-
gous to what occurs in Einstein’s GR theory. Note that, forNote that this action coincides with that corresponding to its
n=4, the peak becomes narrower and deeper, and thus tle@alogue in Einstein’s general relativity theory if we take the
above inequality is better satisfied. limit that o—cc [14].

It is numerically possible to show that the CDL instanton The inflaton field ¢ is initially trapped in its false
(1) exists for various values of the parameter. The prin- vacuum, and a value specified gy is obtained. After tun-
cipal difference shown is the deviation to general relativity,neling to the true vacuum, the instanton gets the valye
but this solution presents a similar behavior to that describednd a single bubble is produced. Similar to the case in the
by Linde[3]. The values coincide for large and its values GR theory, the instantofor bounce action is given byB
(after tunneling has occurrgdoincide in the two theories— =S—Sg—i.e., the difference between the action associated
i.e., Einstein’s GR and BW theories. with the bounce solution and the false vacuum. This action

The following expression represents the instanton actionletermines the probability of tunneling for the process. We
for the quantum tunneling between the false and true vacthave definedVg=V(¢g) and V=V(¢1) as the false and
ums in the BW theory. In order to reproduce the field equatrue vacuum energies, respectively. Under the approximation
tions of motions(11)—(13) and using the constrairt®), we  that the bubble wall is infinitesimally thin, we obtain the

8GR=general relativity.

1+V+a3 a3 16
5= %¢ - | (16)

3
a’Vv "

write, for the instanton action, reduced action for the thin-wall bubble:
3.55 T T T T T T T T T T T T T T T T T T T T T T T T T T T
i 4.85 -
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FIG. 1. The instantorp(7) as a function of the Euclidean timeis shown for Einstein GR and BW. The left panel shows the case
=2, and the right panel shows the case4. In both cases we have taker= 10 .
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FIG. 2. This plot shows how during the tunneling process the inequafftys>H? holds. The GR lines represent the same inequality for
Einstein’'s general theory of relativity. The left panel shows the cas@ and the right panel the cases 4. In both cases we have taken
o=10"1°

472 1 This could be solved for the radius of the bubble, and we
S=27°R3S,+ — | — ([1-H2R?]%2-1) found that
K |H2 T
1 R= S (19)
- —2<[1—H§R2]3’2—1>1, (17) Sik|2 2
He — | FHEFHE| —aHEH
where we have taken into account the contributions from the _
wall (first term) and the interior of the bubblé&he second or, equivalently,
and third terms HereR is the radius of the bubble, and
S]_K
n2 Ve[ Vel V]V R= 2 2 - @
F 3 20| T3 20| SiK 2., 2 2 2
7 —H7+Hg| +H3(Six)

The surface tension of the wall becomes defined by

LYo

(o

It is straightforward to check that when—«, a correct
(18) limit to GR is obtained. We can introduce a dimensionless
quantity As, which represents the strength of the wall ten-
sion in the thin-wall approximatiofil5]:

5122772R3f dq{ ¢'?

or

A . S]_RK
ST

<1. (21
1+

V(¢)
g

Pk
5= [ "dgtarvis) -veg
o1

Following the values given in Table | and assuming the value
The radius of curvature of the bubble is one for which theae=10"1° we find that the difference in the strength of the
bounce actior(17) is an extremum. Then, the wall radius is wall tension in the thin-wall approximation becom&sg,y,

determined by setting SdR=0, which gives which can be compared to the corresponding value in Ein-
stein’s GR theoryAsgr. For the first model—i.en=2—it
SRk — (1— H2R?)2— (1— HZR?)12 becomesAsgy— Asgr=6.08x10 3. In the second model,
2 T F ' when n=4 this difference becomes on the order &ofgy
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—Asgr=1.01x 108, Then, we can see that this difference in tuations inside the open bubble. The corresponding density
the strength of the wall tension for the two theories becomegerturbation in the brane world cosmological model becomes

insignificant. [11]

3/2 3/2

20+V
, (24)

20

P —cter

Ill. INFLATION AFTER TUNNELING S vV
V/

After the tunneling has occurred, we make an analytical
continuation to the Lorentzian space-time, and we can see

what is the time evolution of the scalar fielgt) and the o4 mm : .
scale factona(t-). The field equations of motion for the fields ggggevattﬁ_it;ar?gé zbul\éo’l[zeintsrlggntz%szt'i[gaseqvt/jﬁggnth%ml?rhit
¢ andaare given by o—» is taken. Certainly, other contributions must be added
a in order to get an exact expressif@4], but those contribu-
o+ 35¢+v’¢(¢):o (22)  tions do not change expressi@@¥) significantly if we use it
for N>3.
and Figure 4 shows the magnitude of the scalar perturbations
oplp for our models as a function of tHe e-folds of infla-
A 87 | . tion, after the open universe was formed. Even though the
et $*—V(¢) shape of the graph is similar to that of Einstein’s GR theory,
a 3™ the maximun value o¥p/p has become bigger in the BW
1 than in Einstein’s GR models. For instance, in Einstein’s GR
+ %[5¢2—2V(¢)][¢>2+ 2V($)1], (23) they it .becomgs maximum fod~0(12), wh|le. for the BW
model its maximum is found &~ 0(20). Also in the model
I . with n=4, the values ofN where p/p vanishes become
where Ithe 0\|/e_rdots now denote derivatives with respect t%igger in BW than in Einstein’s GR theory. On the other
cosmological time. . . : .

In order to solve this set of equations numerically, we use[ﬁngél\ﬁ zssg&ugjn;ntehnélzgata a\t,vtr?;rée’)/'z Eliz'g:;:‘rlg dbeFt\évreen
the following boundary conditions$(0)=0, a(0)=0 and N 10, wheresp/p gets it maximum value, it is found that
a(0)=1. As in[3,5] and [6], the scalar field slowly rolls the scale where the scalar perturbation is measured corre-
down to its minimum of the effective potential, and its field sponds to the 73 cm. However, forN~ 15 it decreases to
starts to oscillate near this minimum. During this stageNhe 10?2 cm, and forN>50 this practically becomes to zero.
e-fold parameter presents different values for our models unsomething similar happened with for the case4. There,
der StUdy; those results are summarized in Flg 3. Clearly, thfhe Corresponding values df were smaller.

N e-fold parameter increases in the BW scenarios. Also, it is interesting to give an estimation of the tensor
spectral indexn; in the brane world cosmological model.

IV. SPECTRUM OF THE SCALAR PERTURBATION Using Ref.[11], this index for a flat universe is given by

Even though the study of scalar density perturbations in o
open universes is quite complicatfdl], it is interesting to o 1V
. . . X Nr=——-|~— + —
give an estimation of the standard quantum scalar field fluc- 8w\ V 20

-1

(25
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dp/p scribed by BW cosmology. In this kind of theory, the Fried-
0.000020 +————————F——T——T]——7— mann equation gets modified by an additional tgrfi2o-.
i We have solutions to an effective potentials in which the
0.000018 - 1 CDL instantons exisf6]. The existence of these instantons
becomes guaranteed since the inequahty]>H? is satis-
] fied, and thus, with the slow-roll approximation, inflationary
0.000016 ~ universe models are realized for different values of the pa-
1 rametem. For the two valuesr(=2 andn=4) that we con-
0.000014 . sidered,V” remains greater thaH? during the first e-folds
i of inflation.
0.000012 1 Also, we have generalized the CDL instanton action to
brane world cosmology. This action is described by expres-
] sion (15).
0.000010 ~ . On the other hand, it seems that, according to E&jg).
1 1 and (18), the result for the probability of nucleation of a
0.000008 - bubble is the same as in Einstein gravity. However, this is
i superficial, since there is a modified relationship between the
0.000006 i Hubble rate and the potentidf(¢), given by the well-
known modified Friedmann equation, and thus a modified
expression between the wall tensi® and the potential
0.000004 . V(¢) occurs. In the thin-wall limit, we have found that the
strength of the wall tensionAsg,—minimum increase,
0.000002 . when compared with their analogous results obtained in Ein-
stein’s GR theory.
0.000000 We have also found that the inclusion of the additional
: I

80 term (p?) in the Friedmann’s equation improves some of the
N characteristic parameters of inflation. For instance, this is
accentuated in the numbbithe e-folds(see Fig. 3.
FIG. 4. Scalar density perturbations for our models as a function  Finally, in the 5p/p graphs the maximum presents a dis-
of N e-folds. These plots are compared Wlth those obtained by usinglacement when compared with that obtained in Einstein’s
Einstein's GR theory, wherép/p~CteH/|4|. GR theory; this would change the value of the fundamental

) ) ) . . _ parametei, that appears in the scalar potentials.
By numerically solving the field equation associated with

field ¢, we obtain for the casas=2 andn=4 in.the GR ACKNOWLEDGMENTS
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